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Abstract

Large-scale data collection, from national censuses to IoT-enabled
smart homes, routinely gathers dozens of attributes per individual.
These multi-attribute datasets are crucial for analytics but pose sig-
nificant privacy risks. Local Differential Privacy (LDP) is a powerful
tool for protecting user privacy by allowing users to locally perturb
their records before releasing them to an untrusted data aggregator.
However, existing LDP mechanisms either split the privacy budget
across all attributes or treat each attribute independently, thereby
ignoring natural inter-attribute correlations. This leads to exces-
sive noise and, consequently, significant utility loss, particularly in
high-dimensional datasets.

We introduce a two-phase LDP framework that overcomes these
limitations by privately learning and exploiting inter-attribute de-
pendencies. In Phase I, a small subset of users applies a standard
per-attribute LDP mechanism, enabling the aggregator to derive
dependency information from the privatized data. In Phase II, each
remaining user perturbs a single randomly chosen attribute with
the full privacy budget, while the unreported attributes are recon-
structed using Phase I statistics, incurring no additional privacy cost.
As a concrete instantiation, we develop Correlated Randomized Re-
sponse (Corr-RR), which employs correlation-aware probabilistic
mappings to substantially improve estimation accuracy. We prove
that Corr-RR satisfies e-LDP, and demonstrate through extensive
experiments on synthetic and real-world datasets that it consis-
tently outperforms state-of-the-art baselines, with the largest gains
in high-dimensional and strongly correlated datasets.
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1 Introduction

Large-scale multi-attribute datasets, where each record contains
multiple features such as age, education, and income, are crucial
for evidence-based policymaking, healthcare analytics, and data-
driven decision-making. A core primitive in analyzing such data is
frequency estimation, which quantifies how often attribute values
occur and serves as a building block for tasks such as heavy-hitter
detection [8], key-value aggregation [44], and time-sensitive an-
alytics [42]. However, these tasks typically rely on raw user data
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that may contain sensitive personal information. In multi-attribute
settings, combinations of attributes (e.g., age + ZIP code + gender)
can uniquely identify individuals, heightening privacy risks. Such
risks are particularly acute in regulated domains such as healthcare,
finance, and location-based services [32], where frameworks such
as GDPR [36] and HIPAA [2] mandate strict privacy requirements.

Local Differential Privacy (LDP) offers strong user-level pro-
tection without relying on a trusted curator [12, 21], as each user
perturbs their data locally before transmission. The parameter € con-
trols the utility-privacy trade-off, where smaller € enforces stronger
privacy, but adds more noise, reducing utility. LDP has been adopted
in practice by Google [17], Apple [34], and Microsoft [9], under-
scoring its real-world viability.

Frequency estimation under LDP is straightforward for single
attributes, but extending it to multi-attribute data remains chal-
lenging. Existing solutions that require complete reports of all d
attributes” fall into two main categories. The first, Split Budget (SPL),
evenly divides the privacy budget € across all attributes, assigning
only €/d to each attribute. As d grows, the per-attribute budget
decreases rapidly, leading to high noise and poor accuracy [4, 38].
The second allocates the full privacy budget to a single attribute and
imputes the remaining d — 1 attributes with synthetic values. One
such method, Random Sampling plus Fake Data (RS+FD), perturbs
one attribute with € and fills the others uniformly at random [3, 4],
which introduces systematic bias because the imputed values do not
reflect realistic distributions. A refinement, Random Sampling plus
Realistic Fake Data (RS+RFD), samples unreported attributes from
prior distributions [5]. However, its utility is highly sensitive to the
quality of priors, which may be biased, outdated, or unavailable
due to privacy constraints. In both cases, attributes are treated as
independent, overlooking the natural correlations present in real-
world data, an omission that leads to unnecessary noise and loss of
utility. Consequently, there remains a pressing need for advanced
LDP mechanisms that strike a better balance between accuracy and
privacy in multi-attribute frequency estimation.

In this work, we exploit the inter-attribute correlations naturally
present in real-world datasets for enhanced utility-privacy trade-
off, a direction that remains underexplored in the context of LDP.
Many attributes are strongly dependent; for example, educational
attainment, employment status, and income level are closely linked.
Explicitly leveraging such correlations can reduce noise and im-
prove accuracy under LDP without weakening privacy guarantees.
Intuitively, consider two attributes X; and X, that are perfectly
correlated (X; = X3). Instead of perturbing both independently, a
user could perturb one attribute via an LDP mechanism with the

“We exclude Random Sampling, which reports only one attribute per user with
the full privacy budget €.
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full privacy budget: V; « M.(X;), and report the same perturbed
value for X3, i.e., Y, = ¥;. By doing so, users can generate reports
for unselected attributes with improved utility without incurring
any additional privacy cost. In practice, however, two challenges
arise: (i) real-world attribute correlations are rarely perfect, varying
in both strength and form, and (ii) inter-attribute correlations are
often unknown, and strict privacy regulations (e.g., GDPR, HIPAA)
prohibit direct access to raw data for correlation estimation. These
challenges motivate our central question:

How can we leverage inherent yet unknown inter-attribute
correlations to improve the utility of multi-attribute fre-
quency estimation under LDP without compromising
privacy guarantees?

We address this question by proposing a two-phase LDP frame-
work consisting of: (i) Phase I: Dependency Learning, which es-
timates inter-attribute correlations directly from privatized data
under LDP, without requiring access to raw user data; and (ii)
Phase II: Dependency-Aware Reporting, which leverages the learned
correlations to improve the accuracy of multi-attribute frequency
estimation while maintaining e-LDP. Specifically, in Phase I, a small
subset of users applies SPL, perturbing all d attributes independently
with budget €/d. The data collector then aggregates these noisy
reports to privately infer inter-attribute correlations, leveraging
the statistical relationship between correlations in the original data
and those in the perturbed values—without requiring access to raw
data. In Phase II, each remaining user randomly selects one pivot
attribute and perturbs it using an LDP mechanism with the full
budget €. The remaining d — 1 attributes are then reconstructed in-
directly, using the learned inter-attribute correlations from Phase I
for an enhanced utility-privacy trade-off. Because reconstruction
is purely post-processing on already-perturbed values, the overall
mechanism continues to satisfy e-LDP.

As a concrete instantiation of our two-phase framework, we
propose Correlated Randomized Response (Corr-RR). Corr-RR
randomly selects one attribute and perturbs it with the full privacy
budget. For each unselected attribute, instead of deterministically
reusing the pivot’s report (i.e., Y, = ¥; under perfect correlation),
it introduces a parameter p, € [0, 1] that specifies the probability
of reusing the pivot’s perturbed value. Intuitively, a larger p, is
favored when attributes are strongly correlated, while a smaller p,,
corresponds to weaker dependence. To determine these parame-
ters, Corr-RR leverages marginal estimates obtained in Phase I and
chooses p, values that minimize a closed-form approximation of
the mean squared error (MSE) of the frequency estimators. Below,
we summarize our contributions:

e Two-phase LDP framework. We introduce the first frame-
work that separates dependency learning from dependency-
aware reporting, systematically deriving correlation-aware
parameters from privatized data to improve multi-attribute
frequency estimation.

e Concrete mechanism: Corr-RR. We propose Corr-RR, a
novel instantiation that perturbs one randomly chosen at-
tribute with the full privacy budget and synthesizes the re-
maining attributes effectively using correlation-guided prob-
abilistic mappings.
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¢ Rigorous privacy guarantee. We formally prove that Corr-
RR satisfies e-LDP.

¢ Extensive evaluation. Experiments on both synthetic and
real-world datasets empirically demonstrate that Corr-RR
consistently outperforms state-of-the-art baselines, with the
largest accuracy gains in high-dimensional and strongly cor-
related settings.

Roadmap. The remainder of this paper is organized as follows:
Section 2 introduces the relevant background and the problem state-
ment. Section 3 details our proposed solution. Section 4 presents
experimental evaluations. Section 5 discusses the existing literature,
and we conclude the work in Section 6.

2 Preliminaries

2.1 Local Differential Privacy (LDP)

Local Differential Privacy (LDP) requires that each user perturb
their data locally before transmission, thereby ensuring robust
privacy protection in distributed data collection settings [21].

Definition 1 (e-LDP). A randomized mechanism M : X — Y
satisfies e-LDP, where € > 0, if for any two inputs x,x” € X and
any output y € Y, the following holds:

PriM(x) =y] < e°-Pr(M(x") =y].

The parameter €, called the privacy budget, controls the trade-off
between privacy and utility: smaller e provides stronger privacy
but introduces more noise, while larger € yields better accuracy
but weaker privacy. Prior work on multi-attribute data typically
explores € € [0.1,10] [3, 41].

LDP inherits several key properties from Differential Privacy
(DP), including composability [20, 27] and post-processing immu-
nity [16]. We restate them here:

Theorem 2. (Sequential Composition) [45]If mechanisms {M;}];
each satisfy €;-LDP, then their sequential application satisfies e-LDP
withe = Y1 €.

Theorem 3. (Parallel Composition) [27] If mechanisms {M; :
Xi; — Y;} each satisfy €;-LDP on disjoint input subsets {X;}, then
the combined mechanism M = (M, ..., M,,) satisfies max; €;-LDP.
Theorem 4. (Post-Processing) [26, 45] If M : X — Y satisfies
€-LDP and ¥ : Y — Y’ is any randomized mapping, then the
composed mechanism 7 o M : X — Y’ also satisfies e-LDP.

2.2 Generalized Randomized Response (GRR)

Generalized Randomized Response (GRR) extends the classic Ran-
domized Response (RR) technique [43] to categorical domains of
size k = |D| > 2, while satisfying e-LDP [17]. In the single-attribute
setting, each user u; holds a private value x; € D. Given x;, the
reported value is drawn as follows. For any y € D,

eE

=, lfy = Xi,
Pr{Marr(ek) (xi) =y] = e +k-1
q = m, lfy * Xi.

The privacy guarantee follows from p/q = e°.

Let n be the number of users and ¢, the count of reports equal
to v, where v € D. The unbiased estimator of the true frequency
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f@) =4

Ik =) is:

; c/n—gq
flo) =224,
p—q
The estimation variance grows linearly with the domain size k,
leading to degraded accuracy in high-cardinality domains [39]:

e +k—-2

Var[f(0)] = 07

n(e€ —

2.3 Problem Statement

We now extend to the multi-attribute setting. Each user u; holds
a private record x; = (xy1,Xi2,...,%;4), Where each x; ; denotes
the value of attribute X; for user i, drawn from a common domain
D of size k = |D|. To protect privacy, each user applies a local
randomization mechanism M to their entire record, producing
yi = M(xi) = (Yi1, Yiz, - - - Yid)> Yij € D. Users must report their
full perturbed record rather than selectively reporting a subset
of attributes, since selective disclosure significantly increases re-
identification risk [3]. Given the collection of reports {y1,...,yn},
the data collector aims to estimate the marginal distribution of
each attribute. For attribute X; and value v € D, the true marginal
frequency is:
1 n
[ =7, 2,1y =0,

where I(-) is the indicator function. The goal is to design M such
that the estimated marginals f;—(v) are as accurate as possible while
ensuring e-LDP.

2.4 Existing Solutions and Their Limitations

We now review existing LDP mechanisms for multi-attribute fre-
quency estimation and outline their limitations.

2.4.1  Split Budget (SPL). In SPL, each user perturbs all d attributes
independently using GRR with per-attribute budget € /d and reports
the full vector y;. The aggregator then debiases each attribute sep-
arately to obtain marginal estimates. Because the privacy budget
is divided across all attributes, each is perturbed with very low
€/d, introducing substantial noise. The estimation error grows as
O(dy/logd/(evn)) [4, 38], which quickly becomes prohibitive in
high-dimensional settings.

2.4.2 Random Sampling with Fake Data (RS+FD) [3]. In RS+FD,
each user selects one attribute uniformly at random, perturbs it
with the full budget €, and fills the remaining d — 1 attributes
with uniformly generated fake values. This reduces noise for the
sampled attribute, but the majority of reported attributes carry no
real information. As d increases, these fake values dominate the
dataset, leading to significant accuracy degradation.

2.4.3 Random Sampling with Realistic Fake Data (RS+RFD) [5].
This improves upon RS+FD by sampling non-selected attributes
from external prior distributions (e.g., Census statistics) rather than
uniformly. While this yields more realistic reports and partially
alleviates RS+FD’s bias, its accuracy is highly sensitive to the quality
of priors. In practice, priors may be outdated, biased, or unavailable
for sensitive attributes due to privacy regulations such as GDPR [36]
or HIPAA [2], limiting the robustness of this approach.
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Discussion. Although SPL, RS+FD, and RS+RFD adopt different
strategies, they share a common limitation: all three treat attributes
as independent and fail to exploit the correlations naturally present
in real-world data. As a result, they either suffer from excessive
noise due to budget splitting (SPL) or introduce bias and reliance on
external priors (RS+FD/RS+RFD). This gap motivates the need for
correlation-aware mechanisms that can improve accuracy without
weakening privacy guarantees.

3 Two-Phase Privacy Framework

We now present a general two-phase privacy framework for multi-
attribute data collection, followed by its concrete instantiation,
Correlated Randomized Response (Corr-RR).

3.1 Overview

The proposed framework is built on two key observations. First,
inspired by RS+FD and RS+RFD, we observed that perturbing a
single pivot attribute with the full privacy budget € and generating
the remaining attributes through some randomization by indirect
perturbation of this privatized value can significantly improve the
utility-privacy trade-off compared to conventional budget-splitting
schemes like SPL. The key idea can be formulated as 1) assigning
the entire budget to a randomly selected attribute, ¥; ~ Mc(X3),
and 2) generating the remaining attribute reports as Y, ~ G(Y1;0),
where G is a randomized mapping defined only on the already
privatized pivot. By the post-processing property, the overall mech-
anism satisfies e-LDP. However, designing an effective mapping G
is non-trivial. Naive approaches, as in RS+FD and RS+RFD, often
introduce excessive noise, degrading utility.

We also observe that multi-attribute data often exhibit strong
inter-attribute dependencies. For example, educational attainment,
employment status, and income level are tightly correlated. These
dependencies can be exploited to guide the design of G, enabling
more accurate reporting through post-processing of the priva-
tized pivot. Consider two attributes with perfect correlation (e.g.,
X; = X3). Once X; is privatized to Yy, we can set V> = Y; without
incurring additional privacy cost while enhancing data utility. For
multi-attribute data with partial correlation, there are several ways
to incorporate correlation into the perturbation process to generate
higher-utility reports. For instance, if X; and X, are strongly but not
perfectly correlated, and X; is selected as the pivot that generates
Y; through direct perturbation, then the indirect report Y, could be
equal to Y; with high probability and differ otherwise. A key chal-
lenge is that true correlations cannot be computed from raw user
data, since strict privacy regulations (e.g., GDPR, HIPAA) prohibit
direct access to sensitive attributes. This motivates our two-phase
privacy framework, which first learns coarse dependency pa-
rameters privately and then leverages them for dependency-aware
reporting. The two-phase framework (Figure 1) operates as follows:

e Phase I: Dependency Learning. A small subset of n; users
perturbs all d attributes using SPL with per-attribute budget
€/d. From these privatized reports the server can recover
unbiased marginal frequencies and, if needed, approximate
joint statistics across attributes. These privatized statistics
retain enough signal to capture coarse inter-attribute de-
pendencies. The server then encodes these dependencies
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Figure 1: Two-phase privacy framework. Phase I users apply SPL to enable private estimation of inter-attribute dependencies.
Phase II users perturb one attribute with the full privacy budget and reconstruct the rest using these dependencies.

Table 1: Notation for Corr-RR Mechanism

Symbol Meaning

n Total number of users

nm Number of Phase I users

ny Number of Phase II users (n; = n — ny)

d Number of attributes per user

X; Raw attribute vector of user i

vi Perturbed attribute vector of user i

X; RV. for the j-th raw attribute

Y; RV. for the j-th perturbed attribute

Xij Raw value of attribute j for user i

yi j Perturbed value of attribute j for user i
=|D| Size of the common attribute domain

€ Privacy budget

P11 GRR probabilities in Phase I

2,92 GRR probabilities in Phase II

f’(v) Frequency est. for X; = o from Phase I
f”(v) Frequency est. for X; = v from Phase II
f] (v) Final combined estimate for X; = o

Py Probability parameter for (X, X;)

into learned parameters (e.g., probabilities for reuse, condi-
tional distributions, or other mapping rules) that guide how
unreported attributes should be reconstructed in Phase II.

e Phase II: Dependency-Aware Reporting. Each of the re-
maining users randomly selects one pivot attribute and per-
turbs it with the full privacy budget €. The remaining d — 1
attributes are generated through a randomized transforma-
tion of the pivot’s privatized value, guided by the dependency
parameters learned in Phase I. Since these reconstructions
depend only on already privatized outputs, they constitute
pure post-processing and do not increase the privacy cost,
ensuring that the overall mechanism remains e-LDP.

This design provides a general template for correlation-aware
multi-attribute frequency estimation under LDP. In the following
subsection, we instantiate it with Correlated Randomized Response.
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3.2 Correlated Randomized Response (Corr-RR)

Under the two-phase framework, we now present a concrete in-
stantiation, Corr-RR, for privacy-preserving multi-attribute data
collection. Corr-RR introduces probability parameters p, € [0,1]
derived from privatized marginals via an optimization procedure, to
guide the probabilistic mapping used in Phase II for reconstructing
non-pivot attributes based on the perturbed pivot. For readabil-
ity, we denote these parameters generically as p,. Consider two
attributes X; and X, that are perfectly positively correlated. In this
case, producing the same output for both attributes (i.e., Y1 = Y3)
corresponds to copying the perturbed value Y; as the report for
Y, with probability p, = 1, and reporting a different value with
probability 1 — p,. More generally,

Pr(Y, =0 |Y; =0) =py, Pr(Y#0 | Yy =0) =1-py.
Thus p, controls the likelihood that the non-pivot attribute aligns
with the pivot’s privatized value, with its value chosen to mini-
mize the expected mean squared error (MSE). In Corr-RR, the MSE
is expressed as a function of marginal distributions. Those distri-
butions could serve as proxies for inter-attribute correlations: if
two attributes are strongly positively correlated, their marginals
tend to be similar, leading the optimizer to favor larger py; con-
versely, weaker similarity in marginals yields smaller p,,. Although
marginals do not capture exact correlations, they preserve enough
statistical signal for effective parameter estimation under LDP. Ac-
cordingly, Corr-RR first estimates marginal distributions for each
attribute in Phase I and uses them to compute p,. In Phase II, Corr-
RR randomly selects one attribute for perturbation and generates
reports for the remaining attributes by reusing the perturbed value
with probability p,. We detail the design as follows.

3.2.1 Detailed Design. Let d > 2 denote the number of attributes,
and x; = (Xi71,...,%;q) the raw attribute vector of user i, where
each x; j is drawn from a common domain D of size k = |D|. We
denote by n; and n; = n — n; the number of users participating in
Phase I and Phase II, respectively. Corr-RR operates in the following

two phases.

Phase I: Dependency Learning. A subset of n; < n users
applies SPL: each user perturbs all d attributes using GRR with
per-attribute budget €/d. For attribute j € [d], the sanitized report
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y;,j is generated as:

ee/d
p1=—r—, v =y,
Pr(y;; =o' | xij =0) = ec/d "ik_ 1
- - ’
Do U

where v,0” € D and p; + (k — 1)q; = 1. Aggregating the n; reports
yields unbiased marginal estimates:

. L@)-ma RS B
fj () = mi—a) Ii(v) = ;H(yu =0).

These marginals preserve statistical signals of inter-attribute
dependencies, though marginals alone do not fully capture correla-
tion. Next, we use these marginals to infer the pairwise parameter
pjos € [0, 1] for each attribute pair (j, s), according to the closed-
form expression derived from the MSE minimization procedure in
Section 3.2.2. For brevity, we denote this parameter as p,,.

Phase II: Correlation-Aware Perturbation. Each of the n,
remaining users, u;, selects one pivot attribute uniformly at random
and perturbs it with full budget e:

€

e
P2= Ty v =vo,
Pr(yis =" | x5 =0) = € +1 -
—_ ’
qz_ef+k—1’ vEo,

where p; + (k — 1)gq, = 1.
For every non-pivot attribute X; (j # s), the user reports:

., Py v =,
Pr(yi,j =0 | Yis = v) = {1]:;15,’ .

That is, with probability p,, the mechanism copies the pivot’s
privatized value; otherwise, sample uniformly from the remaining
domain values. This operates only on privatized values and thus
constitutes post-processing, incurring no additional privacy loss.

For each attribute j € [d], the server forms estimates:

. (o) - nyqs -
iy =2 0 gy o N 1y, =),
)= T Z (yij =)

The final estimator combines both phases:

. mfl@+nfl)

filo) =

Since n; < ny, the combined estimate is dominated by Phase II.
Bias Note. The Phase I GRR estimator of Corr-RR is unbiased
because each attribute is perturbed independently, as established
in [17]. In contrast, during Phase II, Corr-RR generates non-pivot
attribute values conditionally on the privatized pivot value rather
than perturbing them independently. This conditional generation
violates the independence assumption underlying the unbiasedness
of the estimator in standard randomized response, thereby intro-
ducing a potential bias in the estimated frequencies. Nevertheless,
empirical results show that, despite this bias, Corr-RR consistently
achieves lower MSE than unbiased baselines, while preserving the
same e-LDP guarantee (see 4.3). This indicates that the accuracy
gain from exploiting inter-attribute correlations outweighs the ef-
fect of the induced bias. Notably, Corr-RR is explicitly designed to
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prioritize minimizing overall estimation error rather than ensuring
strict unbiasedness of the estimator.

3.2.2  Determination of py- Since the Phase II estimator is biased,
we use its MSE to quantify the achieved data utility and then de-
termine the parameter, p, for each attribute pair (X}, X;) by mini-
mizing the MSE. For categorical value v € {0,...,k — 1}, we first
compute the MSE ofji.H(v).

Theorem 5. For categorical valuev € D, the MSE of the Phase II
estimatorfjH(v) is

2+ Ago) (1= g2 — Appy)
ngAz

q 2
MSE[7 (0] - | + (m-F),

1- kpy-1 e -1
where 1, = %[fj(v)+—kf)1y +af;(v)],a= izl ,and A = Py
fj(v) is the true frequency of targeted attribute j with value v, and
fs(v) denotes the true frequency of v for the selected attribute s used

to conditionally generate attribute j.

Proor. (See Appendix 7.1 for the full proof of Theorem 5.) 0O

As aresult, the average MSE across all possible k values can be
rewritten as a function of p,, which is given by:

k-1
MSEavg(py) = 1 > MSELf(0)] 1)
0=0

Finally, we determine p, by minimizing MSE,yg (p,). Differenti-
ating the average MSE and setting the derivative to zero yields the
following closed-form solution.

Proposition 1. Using the notation above, the unconstrained mini-
mizer of MSEqyg (py) is

20| 2ac@ + 4]
20 ZC1(0)2

T, Col0) = 3fi () + A,

*

py:—

wherea = 1— "iz, fo =—2fj(v) +
and Cy (v) = 3 Q-1

(See Appendix 7.2 for the full derivation of Proposition 1.)

Procedure for Determining p, in Practice. Since the true
frequencies fj(v) and f;(v) are not available in practice, we use
the Phase I estimates ij (v) and st (v) to approximate them. We
then compute p;, using Proposition 1 with these marginal estimates.
Note that p, € [0,1] rather than the unconstrained domain R.
To account for boundary solutions, we also evaluate the MSE at
py = 0and p, = 1and compare these values with the MSE achieved
at py,. The final value of p, is chosen as the one that minimizes
MSEvg (py)- This procedure enables Corr-RR to adaptively select
dependency-aware parameters without accessing raw attribute
values. Figure 2 illustrates how p,, varies as a function of ( f] L fSI ).
When the marginals are similar, the optimizer selects a larger p,,
increasing the likelihood that non-pivot reports follow the pivot’s
value. As the marginals diverge, the optimizer reduces p.

Phase I's marginal estimates ij (v) and f!(0) contain noise that
propagates into the computation of p;. When Phase I includes too
few users or a small privacy budget, this noise becomes substantial,
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Figure 2: Optimal correlation-aware probability p, as a func-
tion of the marginal ij for representative values of fSI .

producing unstable p, values. Conversely, with a larger Phase I
subset or moderate €, the marginals better approximate their true
distributions, yielding more stable p, values and improved utility.
Empirically, allocating about 10-20% of users to Phase I (for mod-
erate €), depending on attribute number and domain size, provides
a good balance between reliable p, determination and preserving
Phase II accuracy.

Extension to Multiple Attribute Pairs. When users have mul-
tiple attribute pairs (d > 3), Corr-RR naturally extends its pairwise
design as follows. In Phase I, the server computes pair-specific
dependency parameter p;s € [0, 1] for every ordered attribute
pair (j,s) with j # s. Each parameter is derived from privatized
marginals via the MSE-minimization procedure in Section 3.2.2, so
that every potential pivot and non-pivot relationship is equipped
with its own optimized mapping probability. In Phase II, each user
selects a pivot attribute X; uniformly at random and perturbs it with
the full budget € to obtain y; ;. The remaining attributes {X; : s # j}
are then reconstructed independently from y; ; using their pairwise
parameters relative to the chosen pivot: for each s, the privatized
output y; s is sampled by copying y; ; with probability p;.,s and,
otherwise, sampling a value uniformly from D \ {y; ; }. For instance,
with four attributes (X3, X2, X3, Xy), if the pivot is X, the user gen-
erates (Yi2, Ui3, Yi4) Using (p1es2, P13, P1e-4), respectively.

3.2.3  Privacy Analysis.
Theorem 6. Corr-RR satisfies e-LDP.

ProoF. The detailed proof is provided in Appendix 7.3 o

3.3 Discussion

We now discuss key properties and potential extensions of our
two-phase framework.

3.3.1  Privacy Amplification. In Phase II of Corr-RR, each user per-
turbs only one randomly chosen attribute out of d, corresponding
to an attribute-level sampling rate § = 1/d. By the standard privacy
amplification by sampling argument [3, 24], an e-LDP mechanism
under such sampling is equivalent to an amplified guarantee with
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Algorithm 1: Correlated Randomized Response (Corr-RR)

Input: n,e,ny,d, k; each user u; holds x; € D
Output: Marginal estimates {f; (9)}jeld], veD
1 Phase I (users 1,...,n;): Private dependency learning
2 foreach user u; do
3 for j «— 1toddo
4 | yij — GRR(xy, €/d)
5 Send y; to server

6 Server: compute debiased marginals ij (v) for all
jeldl,veD

7 Server: for every ordered pair (j, s) with j # s, compute
Pjos € [0,1] by minimizing MSE,y, per Section 3.2.2;
store matrix P = [pjcs]

s Phase II (users n; + 1,...,n): Correlation-aware
reporting

9 foreach useru; do

10 Sample pivot j ~ Unif ([d])

1 yij < GRR(x;j, €) // full-budget privatization

12 for s « 1to d wheres # j do

13 With prob. pjcs set yis < y; 3

14 L Otherwise set y; s < rand(D \ {y;;})

15 Send y; to server

—-

6 Server: compute fjH(v) for all j € [d], v € D using GRR
debiasing with budget e

-
NI

R n 7(0) +n A.H(v)
Output (aggregation): f;(v) = u for
n

alljefd,veD

effective parameter:
e'zln(%(ee—l)+1), ,B:j

Although Phase I does not involve sampling (as each of the n; users
perturbs all attributes with €/d), Phase II dominates when ny > ny,
so in practice Corr-RR can be interpreted as enjoying an amplified
privacy bound.

3.3.2 lIterative Refinement. Corr-RR relies on dependency parame-
ters (p, values) estimated from a small Phase I subset. Over time,
correlations may shift or estimation errors may accumulate. As
a result, the Py values determined from the initial marginal esti-
mates can gradually diverge from the true underlying correlations,
reducing the accuracy of frequency estimation. A natural enhance-
ment is to periodically refresh Phase I with additional samples,
re-estimating marginals and updating p, values. This gradual re-
calibration reduces estimation noise, ensuring that the learned de-
pendencies, p,, remain aligned with the evolving data distribution,
thereby improving Phase II reconstructions and overall frequency
estimation accuracy.

3.3.3  Grouping Attributes. In high-dimensional datasets, not all
attributes are equally correlated. A more scalable extension is to
partition attributes into ¢ groups based on estimated correlation
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strength. Each group receives a sub-budget €/t. Within a group,
Phase II operates as in Corr-RR: one pivot attribute is perturbed with
GRR and the remaining attributes are reconstructed via p,-guided
mappings. Grouping reduces noise for strongly correlated subsets
without wasting privacy budget on weakly related attributes.

3.3.4 Extension to Attributes with Varying Domain Sizes. While
the above discussion of Corr-RR focuses on attribute pairs with
identical categorical domains (i.e., D; = Dy), the core idea natu-
rally extends to attributes whose domains differ in type or size. A
straightforward approach is to convert these attributes into cat-
egorical variables with aligned domain sizes through temporary
grouping and mapping. For example, suppose X; € {yes, no} and
Xz € {0,1,2,3,4}. We can align their domains by grouping and map-
ping {0, 1} — yes and {2,3} + no. After this alignment, Corr-RR
is applied to generate perturbed users’ values based on the mapped
categories. If the perturbed (mapped) value of X; is “yes”, the user
randomly selects a value from {0, 1} as the final reported value;
similarly, if it is “no”, the user randomly selects a value from {2, 3}
as the report.

3.3.5 Extension to Higher-order Dependencies. Corr-RR currently
models pairwise dependencies between attributes, which is com-
putationally efficient and already captures substantial dependency
structure in typical datasets. However, real data may exhibit higher-
order dependencies in which an attribute is jointly influenced by
multiple others. Corr-RR can further be naturally extended to in-
corporate such higher-order relationships to further improve esti-
mation accuracy. In Phase I, rather than estimating only marginal
distributions, we can estimate joint distributions over multiple pivot
attributes (e.g., the joint distribution of X;, and Xj,). In Phase II,
these pivot attributes jointly determine the reporting behavior of
each non-pivot attribute through Pr(y; ; = v’ | yis, =01, Yis, = 02),
with dependency parameters specified for each combination of
pivot values. We then derive the corresponding MSE expression
and determine the dependency parameters by minimizing the MSE,
obtained by taking the partial derivative of the MSE with respect
to each parameter.

3.3.6 Alternative Mechanism under the Two-phase Framework. Our
two-phase framework naturally supports other instantiations. One
such example is Conditional Randomized Response (Cond-
RR), which extends the idea of correlation-aware synthesis by
using conditional distributions rather than pairwise probabilities.

Phase I: Conditional Modeling. As in Corr-RR, a subset of n; users
perturbs all d attributes with per-attribute budget €/d. Using these
reports, the server learns an approximate joint distribution over
the attributes. From this joint distribution, the server then derives
conditional distributions that summarize how attributes relate to
one another in a privacy-preserving way.

Phase II: Conditional Synthesis. Each remaining user randomly
selects one attribute and perturbs it using their full privacy budget
€. The remaining unselected attributes are then indirectly inferred
by sampling from the conditional distributions learned in Phase I,
conditioned on the user’s perturbed attribute. Because this recon-
struction depends only on the privatized pivot and publicly released
statistics, it is pure post-processing and incurs no additional privacy
cost and satisfies e-LDP.
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Cond-RR demonstrates that our two-phase design is not limited
to correlation-based mappings but can also support dependency-
aware synthesis guided by conditional distributions.

4 Performance Evaluation

This section evaluates our proposed method against three baseline
solutions on synthetic and real-world datasets.

4.1 Evaluation Metrics

4.1.1  Utility Metric. We evaluated accuracy using the Mean Squared
Error (MSE), a standard metric in the LDP literature [3, 38]. For each
attribute X; with a common domain D of size k, and each value
v € D, we compute the squared error between the true marginal
frequency f;(v) and its estimate f] (v). Averaging first across values
in O and then across all d attributes yields:

d
MSEzég‘ﬁ D F@ - f@)* @

veD
4.1.2  Privacy Metric. We adopt the privacy parameter € as our met-
ric, consistent with its standard use in LDP. Smaller € gives stronger
privacy protection but adds more noise. We vary € in the range
[0.1,0.5], which captures practical privacy regimes commonly con-
sidered in multi-attribute LDP studies [3, 41].

4.2 Experimental Setup & Datasets

4.2.1  Environments. We implement all algorithms in Python 3.10.13
using NumPy 1.23.5 and Pandas 1.5.3. To account for randomness,
the results are averaged over 100 independent runs. All experiments
are conducted on a MacBook Pro with an Apple M2 processor and
16 GB RAM.

4.2.2  Evaluated Mechanisms. We evaluate our proposed Corr-RR
against standard baselines: SPL [41], RS+FD [3], and RS+RFD [5].
In our evaluation, the methods are instantiated as follows.

SPL and RS+FD operate in single-phase, where all n users inde-
pendently perturb their data. The original RS+RFD is also single-
phase and assumes access to public priors (e.g., perturbed via
Laplace) to impute unreported attributes. In our setting, we as-
sume such statistics are unavailable due to privacy constraints. For
a fair comparison, we therefore use a two-phase variant of RS+RFD:
in Phase I, a subset of n; users runs SPL to privately estimate
marginals, which are normalized and treated as priors; in Phase II,
the remaining n, = n—n; users apply RS+RFD with these privatized
priors. Final estimates are obtained via count-weighted aggregation.
Corr-RR (ours) is inherently two-phase: Phase I runs SPL on n; users
to learn privatized dependencies, and Phase II perturbs a random
pivot with the full budget e while synthesizing non-pivot attributes
using the learned dependency.

Remark. RS+FD, RS+RFD, and Corr-RR involve subsampling and
thus could, in principle, enjoy privacy amplification, yielding an
effective privacy level €’ < e. For consistency and fairness, however,
we report all results using the same nominal budget €, so that
comparisons with SPL remain directly comparable.

4.2.3 Synthetic Datasets. We construct two types of synthetic
datasets to systematically control inter-attribute dependencies.
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Table 2: Pairwise Pearson correlations of SynA and SynB for
three values of p.

Pair p=0.1 p =05 p=09
SynA SynB SynA SynB SynA SynB
(X1, X2) 0.100 0.100 0.491 0.491 0.899 0.899
(X1,X3) 0.094 0.012 0495 0.241 0.900 0.897
(X1, X4) 0.100 0.011 0.508 0.128 0.903 0.812
(X2, X3) 0.007 0.098 0.231 0.490 0.808 0.804
(X2,X4)  0.009 0.006 0.247 0.243 0.810 0.730
(X3, X4) 0.007 0.099 0.251 0.495 0.811 0.904
Average 0.053 0.054 0370 0.348 0.855 0.841

e SynA (Single-Reference). We randomly select one attribute
as the pivot (e.g., X1). The pivot attribute is sampled indepen-
dently from the marginal distribution 7; = (0.4, 0.3,0.2,0.1)
over domain D. Each remaining attribute copies the value
of X; with probability p, and otherwise samples a different
value from the domain uniformly. This produces a clean star-
shaped dependency pattern centered at the pivot attribute.

¢ SynB (Random-Reference). As in SynA, the pivot attribute
is randomly selected and generated from 7;. In contrast, for
each subsequent attribute, we randomly select one previ-
ously generated attribute as its parent. With probability p, it
copies the parent’s value; otherwise, it samples a different
value independently. This yields a more heterogeneous de-
pendency structure with mixed parent—child relationships.

Unless stated otherwise, our default experimental setting uses
n = 20,000 users, d = 4 categorical attributes, and domain size
|D| = 4. Table 2 summarizes the dataset characteristics (i.e., pair-
wise Pearson correlations) for SynA and SynB under different values
of p. To more thoroughly evaluate Corr-RR, we additionally sys-
tematically generate a variety of SynA and SynB datasets under
different choices of n and d.

4.24 Real-world Datasets. We evaluate our mechanisms on three
publicly available datasets: Clave [37], Mushroom [35], and Adult [6].
We randomly selected two attributes from the Clave dataset, which
only contains binary activation vectors. For the Mushroom dataset,
which consists of categorical attributes describing species charac-
teristics, we first removed attributes with excessively large domains.
Next, for the remaining two attributes, whose domain sizes differed,
we selected one attribute and merged adjacent categorical values
(after encoding) so that its domain size matched that of the other
attribute. For the Adult dataset, we selected three categorical at-
tributes, sex, marital-status, and relationship, whose domains are
naturally small. Where necessary, we applied the same encoding-
based alignment to ensure uniform domain sizes across attributes.
All preprocessing steps rely solely on public metadata (e.g., attribute
names and declared domain types) and do not use any frequency
or correlation information from the raw data, thereby preserving
privacy compliance. Dataset characteristics are summarized in Ta-
ble 3, while the detailed frequency distributions are provided in
Figure 12 in Appendix 7.4.
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Table 3: Characteristics of Real-world Datasets

Dataset d |D| #Users Correlation
Clave 2 2 10k 0.298
Mushroom 2 5 8k 0.209
Adult 3 2 10k 0.43-0.95

4.3 Results on Synthetic Data

4.3.1 Impact of Privacy Budget. We compare MSE of four LDP
mechanisms, SPL, RS+FD, RS+RFD, and Corr-RR, evaluated on two
synthetic datasets SynA (Figure 3) and SynB (Figure 4) with domain
size |D| = 4, users n = 20,000, and attribute dimensionality d = 4.

As expected, MSE decreases as € increases from 0.1 to 0.5, re-
flecting the reduced noise at higher privacy budgets. SPL performs
worst, since its budget is divided across attributes (¢/d per attribute),
which amplifies the error. RS+FD improves upon SPL by allocat-
ing the full budget to one attribute, though its fake data limits
accuracy. RS+RFD further reduces error by imputing unreported at-
tributes from prior distributions. Corr-RR consistently outperforms
all baselines: it concentrates the full budget on a pivot attribute and
reconstructs the others using dependency-guided perturbation of
the privatized pivot. This design robustly and consistently leads to
particularly large gains under strong correlations. For example, at
p =0.9 and € = 0.1, Corr-RR reduces error by more than 70% com-
pared to SPL, with RS+FD providing almost no improvement and
RS+RFD achieving only moderate gains. As ¢ increases, all mecha-
nisms converge, but Corr-RR remains slightly superior, especially
when correlations are high.

4.3.2  Impact of Number of Attributes. We evaluate how the num-
ber of attributes d € {2,...,6} affects estimation accuracy under
different privacy budgets. Results for SynA (Figure 5) and SynB
(Figure 6) are shown for domain size |D| = 4, correlation p = 0.9,
and n = 20,000 users.

We can see that the MSE increases steadily with the number
of attributes, reflecting the noise accumulation inherent in high-
dimensional local perturbation. Among baselines, SPL consistently
suffers the steepest error accumulation, followed by RS+FD, while
RS+RFD provides moderate improvement by incorporating prior
distributions. In contrast, Corr-RR exhibits markedly lower error
accumulation, overall maintaining the lowest MSE across all d and e
values. The benefits of Corr-RR are particularly pronounced under
strong correlation in Figure 5 and Figure 6. For example, at € = 0.1
and d = 6, Corr-RR reduces error by more than 50% compared to
RS+RFD and by over 4X relative to SPL. Even at larger budgets,
Corr-RR sustains a consistent advantage, highlighting its robustness
against dimensionality.

We also analyze the impact of the number of attributes under a
low-correlation setting (p = 0.1) in Appendix 7.4 for the SynA and
SynB datasets, where each subplot presents performance under a
specific privacy budget € € {0.1,0.3,0.5}. As shown in Figure 13
(SynA) and Figure 14 (SynB), Corr-RR consistently continues to
achieve the best accuracy even under weaker correlation. These
results confirm that Corr-RR not only leverages inter-attribute
correlation but also scales more gracefully as dimensionality grows,
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Figure 3: MSE vs. privacy budget € on SynA with d = 4 and |D| = 4. Subplots correspond to different correlations.
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Figure 4: MSE vs. privacy budget € on SynB with d = 4 and |D| = 4. Subplots correspond to different correlations.
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Figure 5: MSE vs. number of attributes on SynA with p = 0.9 and |D| = 4. Subplots correspond to different privacy budgets.

avoiding the severe utility degradation that affects baselines in domain size |D| = 4, n = 20,000, and privacy budget € = 0.5. Each
high-dimensional settings. subplot corresponds to a different number of attributes d € {2, 3,4}.

Across all settings, the baseline mechanisms show almost flat
curves, with the slight fluctuations arising from the limited number
of trials. This confirms that these methods cannot exploit statistical
dependencies between attributes: their estimation error is essen-
tially insensitive to correlation. In contrast, Corr-RR demonstrates

4.3.3 Impact of Correlations. We report the impact of correlation
strength p on the accuracy of four LDP mechanisms, SPL, RS+FD,
RS+RFD, and Corr-RR, on SynA (Figure 7) and SynB (Figure 8) with
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Figure 6: MSE vs. number of attributes on SynB with p = 0.9 and |D| = 4. Subplots correspond to different privacy budgets.
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Figure 7: MSE vs. correlation p on SynA with |[D| = 4 and € = 0.5. Subplots correspond to different numbers of attributes d.
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Figure 8: MSE vs. correlation p on SynB with |D| = 4 and € = 0.5. Subplots correspond to different numbers of attributes d.

a clear downward trend in MSE as the correlation increases. This d = 4 and high correlation, Corr-RR achieves more than a 60% re-
validates the design principle: when attributes are more strongly duction in error relative to the strongest baseline, and even at weak
related, Corr-RR reuses privatized pivot values more effectively, correlation, it provides around a 50% reduction, demonstrating its

thereby suppressing noise in non-pivot attributes. For example, at robustness in high-dimensional settings. However, Corr-RR is not
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Figure 9: MSE vs. percentage of Phase I users (n;/n) on SynA with d = 2, |D| = 4, and n = 20,000. Subplots correspond to ¢ = 0.1,
0.3, and 0.5. SPL and RS+FD (single-phase) remain constant across n;, while RS+RFD and Corr-RR (two-phase) vary.
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Figure 10: MSE vs. percentage of Phase I users (n;/n) on SynB with d = 2, |D| = 4, and n = 20,000. Subplots correspond to ¢ = 0.1,
0.3, and 0.5. SPL and RS+FD (single-phase) remain constant across n;, while RS+RFD and Corr-RR (two-phase) vary.

universally superior. In very low-correlation, low-dimensional sce-
narios (e.g., d = 2 and p = 0.1), Corr-RR performs worse than
RS+RFD. This arises from how Corr-RR estimates the reuse prob-
ability p,. Phase I perturbs all attributes with budget €/d, which
introduces considerable noise at low e. When many values are ran-
domized, the estimated marginals become unreliable, weakening
the correlation signal that guides the optimizer. As a result, p, can
be misestimated, leading to underuse or overuse of pivot reuse
and inflated error relative to correlation-agnostic baselines. This
effect intensifies as d grows, because larger dimensionality reduces
the per-attribute Phase I budget. Once correlations reach moder-
ate strength (p > 0.3), the true dependency structure dominates
the Phase I noise. In this regime, Corr-RR reliably selects effective
reuse probabilities and consistently reduces error by substantial
margins compared to all baseline mechanisms. Overall, these re-
sults underscore two insights: correlation influences utility, and
Corr-RR is uniquely capable of leveraging stronger dependencies
into significant reductions in error. Its slight disadvantage in the
low-correlation regime clarifies that Corr-RR is most impactful in

realistic settings where attributes exhibit genuine dependencies
and datasets contain multiple attributes.

4.3.4 Impact of the Size of Phase | Users. In Figures 9 and 10, we
evaluate how the fraction of Phase I users (n;/n) affects the es-
timation accuracy in the two-phase framework on the synthetic
datasets SynA and SynB. Each experiment uses n = 20,000 users
with d = 2 attributes and domain size |D| = 4, under privacy
budgets € € {0.1,0.3,0.5}.

As expected, the single-phase baselines (SPL and RS+FD) re-
main constant across different n; /n, since they do not rely on a
Phase I/Phase II split. In contrast, both the two-phase implemen-
tation of RS+RFD and our Corr-RR mechanism exhibit varying
performance with the fraction of Phase I users. Corr-RR consis-
tently achieves the lowest MSE in the large-scale setting (n = 20,000)
for all privacy budgets and its accuracy is highest when only a small
subset of users (approximately 10-20%) participates in Phase I. This
aligns with the design intuition: Phase I requires only enough users
to obtain coarse but reliable marginal estimates, while allocating
the majority of users to Phase II maximizes the value of full-budget
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Figure 11: MSE vs. privacy budget € for four LDP mechanisms on three real-world datasets: (a) Clave, (b) Mushroom, (c) Adult.

perturbation. At € = 0.1, Corr-RR reduces error by more than 40%
relative to RS+RFD and achieves more than a 3X improvement over
SPL; this advantage persists for € = 0.3 and € = 0.5, demonstrating
robustness across privacy regimes.

For a more fine-grained analysis, we also include separate tables
for RS+RFD and Corr-RR showing detailed results for Phase I sub-
set sizes ranging from 5% to 50% of the users (in 5% increments),
provided in Tables 4-9 in Appendix 7.4. These results empirically
overall reveal clear and consistent trends across dataset sizes. When
the population is large (n = 20,000; Table 6 and Table 9), Corr-RR
is uniformly the best-performing mechanism for all privacy bud-
gets: its lowest MSE always occurs with only 5-10% Phase I users
(1,000-2,000 users), and additional Phase I users do not yield fur-
ther improvements. With this many users, the privatized marginals
produced in Phase I are already accurate enough for Corr-RR to
reliably estimate the dependency parameter p,. At intermediate
scale (n = 2,000; Table 5 and Tables 8), Corr-RR again performs
strongly when the privacy budget is moderate or high (¢ > 0.3),
achieving its lowest error also with 5-10% Phase I users (100-200
users). Under tight privacy (¢ = 0.1), however, even the largest
Phase I setting (50%, i.e., 1,000 users) cannot overcome the GRR
noise, and Corr-RR does not outperform RS+RFD. At small scale
(n = 200; Table 4 and Table 7), even when Phase I includes 50% of
users (i.e., 100 users), the privatized marginals remain too noisy
under € € {0.1,0.3} for Corr-RR to estimate p, reliably; only at
€ = 0.5 does the noise level become low enough in Phase I for a
reliable estimate of p, for Corr-RR to become competitive. These
results collectively demonstrate that the utility of Corr-RR is shaped
by the interaction between n, ny, and €.

Guidance on selecting subset size. The empirical results above
provide practical guidance on choosing the Phase I fraction. In large-
scale deployments (n > 20,000), a modest Phase I subset of 5-10%
consistently provides stable marginal estimates and achieves the
best MSE across privacy budgets. At intermediate scales (n ~ 2,000),
this same 5-10% range remains effective whenever the privacy
budget is moderate or high (¢ > 0.3). At very small scales (n =
200), the reliability of Phase I marginals becomes highly sensitive
to €, and Corr-RR is effective only when the privacy budget is
sufficiently large (e.g., € = 0.5). These guidelines are derived from
experiments with d = 2 attributes and domain size |D| = 4. For
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larger attribute dimensionality d, the Phase I privacy budget must
be divided across more attributes, increasing noise; similarly, larger
domain sizes require more Phase I users to achieve reliable marginal
estimates. Larger domains or higher dimensionality would require
proportionally larger Phase I subsets to obtain sufficiently accurate
marginal estimates to determine p,, effectively. Nevertheless, 5-10%
serves as a robust default for large-n or moderate-€ settings when
d=2and |D| =4.

4.4 Results on Real-world Data

Figures 11a to 11c show the MSE of four LDP mechanisms, SPL,
RS+FD, RS+RFD, and Corr-RR, on three real-world datasets, Clave,
Mushroom, and Adult, as the privacy budget € varies. As expected,
across all datasets, MSE decreases monotonically as the privacy
budget € increases, since a larger € allows users to report their true
values with higher probability, thereby improving data utility and
reducing MSE.

Corr-RR achieves the lowest error on both Clave and Adult, out-
performing baselines, particularly at smaller €. On the Mushroom
dataset, however, Corr-RR shows comparatively weaker perfor-
mance. Although it still outperforms SPL and RS+FD under tighter
privacy budgets (e < 0.2), it falls behind RS+RFD with a slightly
larger MSE. This behavior can be attributed to two key factors.
(1) Low correlation: The Mushroom dataset shows the weakest inter-
attribute correlation (0.209) compared to Clave (0.298) and Adult
(0.43-0.95). (2) Marginal imbalance: As visualized in Figure 12 in
Appendix 7.4, compared to the Clave and Adult, the marginal dis-
tributions of attributes in Mushroom are highly skewed (e.g., X;
is right-skewed, X, left-skewed) and dominated by one or two
frequent category values. Recall that in Corr-RR Phase II, p,, is
determined by minimizing the average MSE rather than MSE of
the estimator for each value, making the frequency estimation in
Phase II less accurate for the highly skewed attributes and resulting
in a slightly higher MSE. Overall, these results suggest that Corr-RR
provides the largest gains when Phase I can capture meaningful
dependencies and Phase II can reuse them without being dominated
by a few frequent categories. In datasets with only modest correla-
tion and substantial skew, the average-MSE objective can be driven
by dominant values, reducing the benefit of dependency-guided
synthesis for rarer categories.
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4.5 Summary of Findings
Our evaluation yields the following key insights:

e Improved utility. Corr-RR consistently outperforms all
baselines under low to moderate privacy budgets, reduc-
ing MSE by up to 80% in some settings. As privacy loosens,
the performance gap narrows—since all mechanisms bene-
fit from reduced noise—but Corr-RR consistently retains a
steady advantage across the privacy budget e.

o Robust scalability. Corr-RR alleviates the severe accuracy
degradation typically observed as the number of attributes
grows. The improvement becomes more striking as dimen-
sionality increases, confirming that Corr-RR is well-suited
for modern high-dimensional datasets.

e Correlation-driven gains. Corr-RR’s advantage grows with
stronger inter-attribute dependencies. Even modest correla-
tions lead to measurable improvements under tight privacy,
while strong correlations yield the largest reductions in error.
This validates Corr-RR’s core principle: effectively leverag-
ing statistical structure to suppress noise and recover more
accurate estimates.

These findings establish Corr-RR as a practical and scalable solution
for multi-attribute data under LDP.

5 Related Work

5.1 Differential Privacy for Correlated Data.

Differential Privacy (DP) protects individual privacy during data
analysis by ensuring that query outputs minimally reveal specific
individual data, often by integrating noise into the results [14—
16]. However, the effectiveness of standard DP is challenged by
correlated data, which introduces privacy vulnerabilities due to
data interdependencies [22]. To address these issues, the Pufferfish
privacy model enhances the DP framework to better handle such
correlations [23]. Further innovations, such as the Wasserstein and
Markov Quilt Mechanisms within the Pufferfish framework [33],
and the Blowfish Framework [19], have advanced DP’s application
to correlated data contexts. Nonetheless, these advancements are
mainly applicable in centralized settings involving a trusted data
collector and have not yet been adapted for use in local settings
with untrusted collectors.

5.2 Local Differential Privacy

Recent advancements have seen a notable shift toward Local Dif-
ferential Privacy (LDP) [12, 13, 46], a model that grants individ-
uals complete control over their data, eliminating the need to
trust the aggregator. Widely adopted in both academic research
and industrial applications [9, 17, 34, 38, 47], LDP is intrinsically
linked to Randomized Response techniques [43]. Among many
other complex tasks (e.g., heavy hitter estimation [8, 30], estimat-
ing marginals [17, 29, 31], time-series data [42], frequent itemset
mining [25, 40], key-value pair analysis [18, 44]), frequency estima-
tion is a fundamental task in LDP and has received considerable
attention for a single attribute. A prominent implementation of LDP
is Google’s RAPPOR [17], which has been successfully integrated
into the Chrome browser. RAPPOR is distinguished by its dual-layer
defense against windowed attacks and its use of Bloom filters [7].
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Additionally, techniques such as Unary Encoding (OUE), Optimal
Local Hashing (OLH), and Hadamard Response have been devel-
oped to further optimize utility within this framework [1, 39]. Note
that all of the above methods focus on LDP on a single attribute.

5.3 LDP for Multi-attribute Data

While most of the works on multi-attribute data focused on numer-
ical data [28, 38, 41], frequency estimation on multi-attribute data
is less explored. This is due to the constraints imposed by the com-
position theorem, as the budget rapidly depletes for multi-attribute
datasets. To mitigate the curse of dimensionality, the LoPub al-
gorithm leverages attribute correlation [31]. Domingo-Ferrer and
Soria-Comas proposed a method that groups correlated attributes
based on dependencies and categorical combinations, and then
applies Randomized Response (RR) collectively to each cluster, im-
proving the accuracy of the estimation [10]. Arcolezi et al. have
proposed RS+FD and RS+RFD that generate fake data for unsam-
pled attributes, uniformly and nonuniformly, respectively, while the
selected attribute receives the full privacy budget [3, 5]. Addition-
ally, a recent study by Du et al. introduced a correlation-bounded
perturbation mechanism that quantifies and utilizes inter-attribute
correlations and optimizes partitioning of the privacy budget for
each attribute in multi-attribute scenarios [11]. Our approach dis-
tinctly diverges from existing methods by leveraging correlations
to indirectly perturb attributes, which significantly improves the
accuracy of frequency estimation.

6 Conclusion

We addressed the challenge of multi-attribute frequency estimation
under Local Differential Privacy (LDP), where existing solutions
either dilute the privacy budget across attributes or rely on syn-
thetic imputations that ignore inter-attribute dependencies. To over-
come these limitations, we introduced a general two-phase frame-
work that separates dependency learning from dependency-aware
reporting, enabling correlation-guided reconstructions derived en-
tirely from privatized data. Under the two-phase framework, we
developed Correlated Randomized Response (Corr-RR), which
perturbs a single pivot attribute with the full privacy budget and
synthesizes the remaining attributes through probabilistic map-
pings informed by Phase I statistics. Corr-RR rigorously satisfies
€-LDP, and its parameters are chosen to minimize a closed-form
approximation of mean squared error, ensuring accuracy while
preserving strong privacy guarantees. Under our two-phase frame-
work, we also briefly discuss Conditional Randomized Response
(Cond-RR), which extends the idea of correlation-aware synthe-
sis by using conditional distributions rather than pairwise proba-
bilities. Comprehensive experiments on synthetic and real-world
datasets show that Corr-RR consistently improves estimation accu-
racy over state-of-the-art baselines, with the largest gains observed
in high-dimensional and strongly correlated settings. These results
highlight the effectiveness of exploiting inter-attribute correlations
under LDP and demonstrate the practical viability of our two-phase
approach for privacy-preserving data collection.
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7 Appendix
7.1 Proof of Theorem 5

ProoF. Let ny be the number of users participated in Phase II
and d = 2 the number of attributes. Each attribute has categorical
value with domain {1,2, - - -, k}. Define GRR with parameters

_ e€ _ 1 A= et —1

L 1= ix—1 TP ek
Also let s be the attribute selected for perturbation using GRR, and
Z an indicator random variable of the selected attribute is j-th
targeted attribute, i.e., Z = 1 indicates s = j, otherwise Z = 0
indicates s # j.

We first calculate probability of an specific attribute j with value
ve{l,...,k} by

Pr(Y; =0) =Pr(Z =1) -Pr(Y; =0|Z =1)

+Pr(Z =0) -Pr(Y; =0|Z =0) 3)

= %Pr(yj =o|Z=1)+ %Pr(yj = 0|Z =0)

If Z = 1, the attribute j is selected for perturbation using GRR,
we have

Pr(Y; =0|Z =1) = (pfj(0) + q(1 - £i(v)) = ¢+ Afj(0) ,

where f;(v) is the true frequency of attribute j with value v.

If Z = 0, the other attribute is selected, i.e., s # i, the user first
perturbs x; with GRR to get Y; = u; then report Y; by randomly
perturbing ys, described by

Py u=uo,
Pr(Yl—:U|Y$:u): l_Py pyE[O,l].
—1’ u+o,

It follows that
Pr(Y; =0|Z =0)
=Pr(Y; =0|Z=0,Y; =0) Pr(Y; =0|Z =0)
+Pr(Y; =0|Z =0,Y; # 0) Pr(Ys # 0|Z =0)
Note that, we have
Pr(Y; =0|Z =0,Ys =0) =p,
Pr(Ys =0|Z =0) = pfs(v) + (1 - fs(0)) = g + Afs(v)
Pr(Y; #0|Z=0) =1-Pr(Ys =0|Z =0) =p - Afs(v),

©

and
Pr(Y; =0|Z =0,Y; # 0) Pr(Ys # 0|Z =0)
= ZPr(Y,— =0|Z =0,Y, = u) Pr(Y, = u|lZ = 0)
u#o

_L1-py 7 =
il ZPr(Ys—u|Z—0)

u#o

_1-py T
= By, =0lz = 0)

According to Eq. (4), we have

Pr(Y) =012 =0) = py (g + A + T2 (p ~ AR (o)

Substitute the above Pr(Y; = v|Z = 0) and Pr(Y; = 0|Z = 1) into
Eq. (3), we have

1—
Pr(Y) =0) = 2[g+ AG O]+ S oyt + 2 (1=0] ()
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where t = q + Af;(v). Also let

-~ l—py_kpy—
CEPY TR T e

Using 1 — kq = p — q, we can rewrite (5) as

1
, and m, :=Pr(Y; =0).

* +afi(0)]. (6)

Estimator, bias, variance, and MSE. Over n, 1.1.d. users, let

= g+ (p — q) po, where 1, = 3[fj(0) il

ny
I(0) = Z l{Yj(m) =o} ~ Binomial(ny, 7,).

m=1

Consider the standard GRR debiasing estimator

o= -4
Then R i
E[fi(v)] = = fho,
Bias[f;(0)] = po — fi(0) = 1 __ply +afi(v) - o).
Moreover,
var[F0)] = 7o(1-m0) _ (q+Apo)(1-g—Aps)

np AZ np AZ

Hence the mean-squared error is

~ 0 (g Ap)(1-g-Ap) 2
MSE[f(0)] = e IO
ith 1, given in (6) and A = —° O
with [, glven m an = e€+k—1.

7.2 The Proof of Proposition 1

Proor. We start by focusing on the per-value MSE for estimating
fjH (v), which is given by

(q+Al1v)(1_q Allv) (

MSE[f;(0)] = g - fi(@)".

)

We first rewrite MSE [ﬁ(v)] as a function of p,. Specifically,
we expand the first term,

(g+Ap)(1-q—Apo) q1-q) 1-2q [
2 = 2 + Ho — — Hy-
nZA nzA I’lgA ny
and the second term,
(1o = )" = 15 = 2£(@)pso + f7(0)

resulting in the quadratic form

MSEU(IJU) = a/lzzz + ,Bv Ho + Yo (8)
where a =1 — %,ﬂu =-2f;(v) + ln qu, and y, =f]-(v)2 + qféA;’)_

Also note that from Eq.( 6), we have

- k
po = Mp0) + L DL )

which could be rewritten as y, = C()(U) + C1 (v) py, where

kfs(o) - }
k-1 )

Co(v) = [fj(v)+ fS( )] and Cy(v) = [
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Next, we rewrite MSE as a quadratic in p, by substituting p, =
Co(v) + C1(v) py into (8):

MSEq(py) = [Co(v) + C1(0)py]? + Bo [Co(v) + C1(0)py] + Vo
so the coefficients (per v) are
coef(pi) =aC(v)?%, coef(py) = 2a Co(v)Cy (v) + f,C1(0),
const = aCy(v)? + BoCo(0) + Yo.
Sum overv (global objective). Define

«Y G B := Z[Zaco(v)cl(v)+ﬁvcl(v) .

Then the total MSE across all categories is

A =

MSEt(py) = Api + B py + const.

For n > 1, A > 0 with equality iff C; (v) = 0 for all v (i.e., f;(v) =
1/k).

Closed-form optimizer and feasibility. The unconstrained mini-
mizer is

Y G 2¢Co(o) + 5, |
Py = =
YA 2a )" C1(0)? ©)
a=1-1 B, =-2f(v)+ 1;A2q.
This completes the proof.
m]

7.3 The Proof of Theorem 6

PRrRoOF. We establish the per-user guarantee for each phase and
then apply parallel composition across disjoint user sets.

Phase I users. Fix a user i € A. The mechanism perturbs each
coordinate x; j of X; = (x;1, ..., x;4) independently using GRR with
budget ¢/d. By Sequential Composition (Theorem 2), the per-user
channel My is e-LDP.

Phase I users. Fix auser i € B. The mechanism samples a pivot in-
dex j € [d] uniformly at random, independently of x;. Conditioned
on this fixed choice of j, the release is obtained by

Me on pivot j post-process g(+; py)

X; Yij
i.e., x;; is privatized with budget € to produce y; j ~ Mc(x; ), and
the non-pivot coordinates are generated as

yi = (yi,l, .. .,yi,d),

Uik = 9y ), k£,

where gy is a randomized mapping that depends only on the already
privatized pivot y; ; and the public reuse probability péj k) ¢ [0,1]
derived from Phase I statistics (hence independent of x;). By the
Post-Processing Theorem (Theorem 4), for any fixed pivot j this
conditional channel Méj ) is €-LDP. Since the pivot index is chosen
independently of the user’s data, the overall Phase Il mechanism is a
uniform random mixture over the d conditional channels. A mixture
of e-LDP mechanisms with data-independent mixing preserves the
same privacy guarantee, so Mg is also e-LDP.
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Overall. Phases I and II act on disjoint user subsets A and B.
By Parallel Composition (Theorem 3), the combined mechanism
M = (My, Mp) satisfies e-LDP.

O

7.4 Additional Experimental Results

7.4.1  Real-World Dataset Characteristics. Figure 12 presents the
attribute-wise relative-frequency distributions for the Clave, Mush-
room, and Adult datasets. The Clave attributes are nearly balanced,
with both X; and X, showing minimal skewness, indicating that
users are distributed fairly uniformly across the two binary cat-
egories. In contrast, the Mushroom dataset exhibits pronounced
skewness: Xj is highly right-skewed, with most records concen-
trated in the first few categories, while X; is slightly left-skewed.
This imbalance explains why mechanisms that rely on prior distribu-
tions, such as RS+RFD, perform strongly on Mushroom. The Adult
dataset lies between these two extremes—its first two attributes
(X1, X,) are nearly uniform with negligible skewness, whereas X3
shows moderate right skew.

7.4.2  Impact of Number of Attributes under weak correlation . Fig-
ure 13 illustrate MSE as the number of attributes increases on the
SynA dataset under weak correlation (p = 0.1). Each subplot corre-
sponds to a different privacy budget € € {0.1,0.3,0.5}. As expected,
error grows with dimensionality for all mechanisms, and Corr-RR
maintains the lowest MSE across all settings even though depen-
dencies are minimal. Figure 14 presents the same analysis for SynB.
Similar trends are observed.

7.4.3  Impact of the Size of Phase I Users. Tables 4-9 report the MSE
of RS+RFD and Corr-RR across varying Phase I sizes for both SynA
and SynB under low correlation (p = 0.1) and different dataset scales
(n = 200, 2,000, and 20,000). At very small scales (n = 200), RS+RFD
typically achieves the lowest error at tighter privacy budgets due to
the instability of Phase I marginal estimates, while Corr-RR becomes
competitive only at larger €. As the user population increases to
n = 2,000, the trends become smoother, and Corr-RR begins to
outperform RS+RFD at moderate and high budgets, though RS+RFD
may still hold a slight advantage at € = 0.1. At large scale (n =
20,000), Corr-RR consistently attains the lowest MSE across nearly
all Phase I sizes and privacy budgets for both SynA and SynB,
reflecting the improved reliability of correlation estimation when
ample Phase I samples are available. Across all settings, small Phase
I fractions often yield the best results, while larger Phase I splits can
degrade performance by reducing the number of users contributing
full-budget reports in Phase II.
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Figure 12: Attribute-wise relative-frequency distributions for (a) Clave, (b) Mushroom, and (c) Adult datasets. Mushroom
exhibits highly skewed marginals dominated by one or two values, whereas Clave and Adult are more balanced.
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Figure 13: MSE vs. number of attributes on SynA with p = 0.1 and |D| = 4. Subplots correspond to different privacy budgets.
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Figure 14: MSE vs. number of attributes on SynB with p = 0.1 and |D| = 4. Subplots correspond to different privacy budgets.
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Table 4: MSE of RS+RFD and Corr-RR across varying size of Phase I users on SynA (n = 200, p = 0.1, |D| =4, d = 2). The lowest
MSE value between both methods across each ¢ is shown in bold.

Size of Phase I Users (1)

Method € n,=10 n1=20 n,=30 ni1=40 n1=50 ni1=60 n1=70 n,=80 n1=90 n1=100

0.1 3.853e-01 6.937e-01  9.096e-01  1.323e+00 1.643e+00 1.648e+00 1.989e+00 2.522e+00 2.523e+00 3.012e+00
RS+RFD 0.3 9.978e-02  1.246e-01  1.602e-01  1.690e-01  2.133e-01  2.256e-01  2.658e-01  2.926e-01  3.553e-01  3.748e-01
0.5 6.694e-02  7.327e-02  8.222e-02  8.464e-02  9.712e-02  9.711e-02  1.115e-01  1.121e-01  1.286e-01  1.215e-01

0.1 1.745e+00 1.657e+00 1.981e+00 2.211e+00 2.725e+00 2.706e+00 2.738e+00 3.094e+00 3.492e+00 3.356e+00
Corr-RR 0.3 1.701e-01  2.250e-01  1.987e-01  2.254e-01  2.602e-01  2.382e-01  3.433e-01  3.78%e-01  3.532e-01  4.209e-01
0.5 6.023e-02 6.807e-02  7.651e-02  7.149e-02  8.773e-02  9.730e-02  1.056e-01  1.167e-01  1.140e-01  1.342e-01

Table 5: MSE of RS+RFD and Corr-RR across varying size of Phase I users on SynA (n = 2,000, p = 0.1, |D| = 4, d = 2). The lowest
MSE value between both methods across each ¢ is shown in bold.

Size of Phase I Users (1)

Method € n1=100 n1=200 n1=300 n1=400 n1=500 n1=600 n1=700 1n1=800 n1=900  n;=1000

0.1 9.175e-02 1.165e-01  1.387e-01 1.577e-01 1.998e-01  2.136e-01  2.553e-01  2.790e-01  2.994e-01  3.204e-01
RS+RFD 0.3  3.213e-02  3.875e-02 3.535e-02 3.792e-02 3.605e-02 4.130e-02 3.972e-02 4.417e-02 4.451e-02  4.638e-02
0.5 1.697e-02  1.625e-02  1.585e-02  1.594e-02 1.811e-02 1.773e-02 1.849e-02 1.523e-02 1.856e-02  1.943e-02

0.1 1.834e-01  1.788e-01  2.052e-01  2.302e-01 2.697e-01 3.111e-01 2.965e-01 3.446e-01 3.491e-01 3.618e-01
Corr-RR 0.3 1.885e-02  2.004e-02  2.162e-02  2.524e-02  2.487e-02 3.026e-02 3.214e-02 3.398e-02 3.918e-02  3.734e-02
0.5 5.800e-03 6.353e-03 7.282e-03 8.081e-03  9.914e-03 1.013e-02  1.040e-02  1.143e-02 1.188e-02  1.356e-02

Table 6: MSE of RS+RFD and Corr-RR across varying size of Phase I users on SynA (n = 20,000, p = 0.1, |D| =4, d = 2). The lowest
MSE value between both methods across each € is shown in bold.

Size of Phase I Users (n;)

Method € n1=1000 n1=2000 n1=3000 n1=4000 n1=5000 n1=6000 n1=7000 n;=8000 n;=9000  n;=10000

0.1  3.683e-02  3.358e-02 3.667e-02 3.522e-02 3.618e-02 3.801e-02 4.348e-02 4.244e-02 4.282e-02  4.343e-02
RS+RFD 0.3  5.586e-03  5.309e-03 5.508e-03 5.634e-03  6.200e-03 5.301e-03  6.595e-03  5.789%e-03  6.297e-03  6.199e-03
0.5 1.849e-03  1.762e-03  1.950e-03  1.851e-03  2.147e-03  2.245e-03  1.910e-03  1.993e-03  1.965e-03  2.154e-03

0.1 1.464e-02 1.930e-02 2.082e-02 2.390e-02  2.388e-02 2.906e-02 2.911e-02 3.098e-02 3.564e-02  3.586e-02
Corr-RR 0.3 1.901e-03  2.020e-03  2.171e-03  2.366e-03  2.434e-03  2.888e-03  2.952e-03  3.559e-03 3.574e-03  3.657e-03
0.5 5.729e-04 5.964e-04 7.411e-04 8.165e-04 8.379e-04 1.04%9e-03  1.032e-03 1.132e-03  1.142e-03  1.343e-03

Table 7: MSE of RS+RFD and Corr-RR across varying size of Phase I users on SynB (n = 200, p = 0.1, |D| = 4, d = 2). The lowest
MSE value between both methods across each ¢ is shown in bold.

Size of Phase I Users (n;)

Method ¢ n;=10 n,=20 n;=30 ny=40 ny=50 ny=60 ny=70 n;=80 ny=90 n;=100

0.1 4.448e-01 6.688e-01  9.081e-01  1.197e+00 1.640e+00 1.988e+00 2.144e+00 2.268e+00 2.691e+00 2.823e+00
RS+RFD 0.3 1.029e-01 1.253e-01  1.647e-01  1.838e-01  2.051e-01  2.249e-01  2.726e-01  2.818e-01  3.034e-01  3.318e-01
0.5 5.553e-02 7.263e-02  8.177e-02  8.660e-02  8.945e-02  8.956e-02  1.136e-01  1.171e-01  1.140e-01  1.178e-01

0.1 1.618e+00 1.970e+00 2.006e+00 2.471e+00 2.597e+00 2.590e+00 3.012e+00 3.313e+00 3.440e+00 3.727e+00
Corr-RR 0.3 1.82%e-01 1.960e-01  2.061e-01  2.497e-01  2.536e-01  2.759e-01  3.038e-01  3.314e-01  3.950e-01  3.871e-01
0.5 5.665e-02  6.606e-02  7.539e-02  7.693e-02  9.076e-02  9.548e-02  9.971e-02  1.070e-01  1.143e-01 1.150e-01
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Table 8: MSE of RS+RFD and Corr-RR across varying size of Phase I users on SynB (n = 2,000, p = 0.1, |D| = 4, d = 2). The lowest
value across both methods for each € is shown in bold.

Size of Phase I Users (1)

Method ¢ n1=100 n1=200 n1=300 n1=400 n1=500 n1=600 n1=700 n1=800 n1=900 n1=1000

0.1 9.785e-02 1.176e-01  1.424e-01 1.743e-01 2.088e-01 2.137e-01  2.222e-01 2.816e-01  2.946e-01  3.436e-01
RS+RFD 0.3  3.645e-02  3.734e-02 3.576e-02 3.802e-02 3.869e-02 3.907e-02 3.647e-02 4.396e-02 4.173e-02  4.618e-02
0.5 1.665e-02  1.636e-02 1.662e-02  1.690e-02 1.688e-02 1.716e-02 1.742e-02 1.667e-02 1.767e-02  1.909e-02

0.1  1.621e-01  1.795e-01  2.087e-01 2.273e-01 2.280e-01  2.746e-01  2.817e-01  3.124e-01 3.913e-01 3.610e-01
Corr-RR 0.3 1.542e-02  2.062e-02  2.154e-02  2.491e-02  2.608e-02  2.857e-02 3.116e-02 3.129e-02  3.710e-02  4.040e-02
0.5 5.545e-03 6.197e-03  6.928e-03  7.553e-03  9.000e-03  9.567e-03  1.069e-02  1.183e-02 1.168e-02  1.228e-02

Table 9: MSE of RS+RFD and Corr-RR across varying size of Phase I users on SynB (n = 20,000, p = 0.1, |[D| = 4, d = 2). The lowest
MSE value between both methods across each ¢ is shown in bold.

Size of Phase I Users (1)

Method € n1=1000  n;=2000 n;=3000 n;=4000 n;=5000 n;=6000 n;=7000 n;=8000  n;=9000  n;=10000

0.1  3.325e-02  3.585e-02  4.054e-02  3.675e-02  3.754e-02 4.432e-02 3.827e-02 3.823e-02 4.743e-02  4.811e-02
RS+RFD 0.3  5.226e-03  5.441e-03 6.169e-03 5.425e-03 5.819e-03 5.499e-03 5.957e-03  5.604e-03  6.152e-03  6.315e-03
0.5 1.867e-03  1.704e-03  1.997e-03  2.036e-03  1.801e-03  1.898e-03  1.898e-03  2.168e-03  1.783e-03  2.108e-03

0.1 1.530e-02 2.021e-02 2.071e-02  2.154e-02  2.452e-02  2.891e-02 3.023e-02  3.100e-02  3.448e-02  3.706e-02
Corr-RR 0.3 2.060e-03  1.885e-03  2.204e-03  2.381e-03  2.489e-03  2.659e-03  3.139e-03  3.292e-03 3.451e-03  3.690e-03
0.5 5.888e-04 6.173e-04 7.240e-04 8.354e-04 8.474e-04 1.010e-03 1.075e-03  1.057e-03  1.131e-03  1.178e-03
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